The anatysis of structures which contain sharp material discontinuities using the FDTD method but without resorting to a very fine mesh, although mucb researched, has not yet been definitively solved. In this paper the fringing fields associated with the discontinuities are dealt with by adjusting the permittivity and permeability assigned to the field nodes which are immediately adjacent to the discontinuities. This method is shown to be effective for a variety of structures and to be without the problems of violating energy or divergence conservation.
INTRODUCTION
The treatment of abrupt and often electrically small material discontinuities, such as thin wires, microstrips or PCB traces, in the Finite Difference Time Domian (FDTD) method has been the subject of research for a number of years. For instance, the treatment of thin wires and narrow microstrips, embedded in an FDTD mesh have been treated in the following publications [ 11 [2] [ 31 [4] [5] [ 61 [7] [SI [9] .
These have involved introducing static solutions either into the full 3D algorithm or into planar models. Of the full-wave approaches, some early attempts at solving the problem, while achieving good levels of efficiency and accuracy, were prone to late time instability. Later contriiutions successfblly overcame the stability problem by ensuring reciprocal interaction between nodes, but local charge conservation was not guaranteed and this limited the range of applications for the method.
In [ 101 a simple, effective and robust technique, without these limitations, was investigated in which the complicated field distribution arokd edges and wires is accounted for by modifying the permittivity and permeability assigned to the adjacent field nodes. In this contribution, this method is improved with the use of more accurate and simpler empirical formulae which are based on the physical properties of the FDTD mesh itself. This leads to a more robust method which can be applied to a wide variety of discontinuity types with a consequential saving in computer resources. With the use of just a small pre-calculated look-up table, results at least as accurate as those obtaines previously can be achieved, but now without the drawbacks of either late time instability or lack of local charge conservation.
CONDUCTORS OF SMALL CROSS-SECTION IN THE FDTD MESH
As an example, consider the case of a conducting wire above a ground plane. This structure can be viewed as a transmission line which has a capacitance, C, and inductance, L, per unit length which depends on the wire radius as follows [ 111:
where a is the radius of the wire and h is the height of the wire above the ground plane.
Similar equations exist, [ 121, fiom which the inductance and capacitance of a microstrip line or a PCB track can be calculated as a hction of the geometry of the structure. Any transmission line which has a metal crosssection smaller than the FDTD cell size can be treatedusing the method descnid here as long as the quasi-static transmission line parameters are available.
In the standard FDTD mesh, the capacitance and inductance associated with the fiinging fields which exist around the wire can be modelled by altering the permittivity associated with the transverse E field nodes and the permeability associated with the transverse H field nodes respectively. If the wire is orientated along the z axis, the eight nodes which are at distances of 6 d 2 and 6y/2 fiom the conductor are considered. For a wider strip, the 6 nodes which are closest to each edge, but not on the strip itsell; are considered ( 12 in total ).
FRINGING FIELD INDUCTANCE
For the example of a thin wire where the four H field nodes adjacent to the wire are affected, it is found that, in the l i t of high permeability, the inductance of the wire is proportional to the permeability of the surrounding nodes. Where the permeability is low, and in particular if the permeability is less than that of the surrounding material, the dependence of inductance on the permeabihty of the surroundiig material closely follows an exponential. Therefore the inductance of the wire can be approximated by:
where L is required inductance of the wire line under consideration and p is the permeability assigned to the neighbouring H field nodes. a,b,k, and k2 are parameters which are, at present, derived by curve fitting to the results obtained from many FDTD runs. spans a number of cells, such as a patch or a wider microstrip, then only the nodes adjacent to the discontinuity will be altered. In this case the total inductance will be the parallel combination of the inductance of the altered nodes and the inductance of the rest of the structure. In this case it is appropriate to approximate the inductance of the structure by:
where L , is the asymptotic value of the inductance in the l e t of infinite permeability.
An example of the accuracy of this approximation is given in Figure 1 .
FRINGINGFIELD CAPACITANCE
The dependence of the capacitance of the wire on the permittivity of the modified cells is more complicated since it is a combination of the self capacitance of the wire, the capacitance between the wire and the ground plane and the capacitance of the modified nodes which largely appears in series with the first two. From physical considerations it is expected that the total capacitance of the wire can be approximated by:
where, as for the case of the inductance, the parameters in the equation are, at present, derived empirically by doing a number of FDTD runs on a test structure. Unlike the case of the inductance, this approximation is effective for structures which span many cells as well as those which are smaller than a single cell. An example of the accuracy of this approximation is given in Figure 2 . If the discontinuity is part of a structure which
APPLICATION TO MICROSTRIP LINES
In order to discover the accuracy and effectiveness of this method, the characteristic impedances and effective permittivities of microstrip line having widths varying fiom one tenth of the cell size to 8 times the cell size was calculated. Using, in this case, a look-up table consisting of just 30 pre-calculated numbers, the plots shown in Figure 3 -Figure 6 were derived. Here the results obtained from this research are compared to the quasi-static formulae and to the unmodified FDTD. Clearly, in the latter case, the result only changes when the size of the strip approximates to a different multiple of cell size. For this test, the strip was in the x-z plane with z being the direction of propagation. The substrate height was 0.635mm, dx=lmm, dyO.3175mm and dz=lmm. The width of the strip was chosen to be between 0.1" -6mm and the frequency was approximately 1GHz. The structure was contained in a box of cross-sectional dimensions 12.7" x 1Omm. It can be seen that the agreement between the results obtained using this research and [ 121 are, for the characteristic impedance, excellent, and for the effective permittivity, very good. In both cases the improvement over the standard FDTD is considerable.
It is to be noted that (i) the same look-up table can be used for a substrate of any permittivity and (ii) ifthe size ofthe structure is greater than about three cells then the same adjustments can be made to the material parameters irrespective of the size. These are to be expected since (i) the singular behaviour of the fields near sharp discontinuities are not affected by the substrate and (ii) unless a discontinuity is close to a neighbouring discontinuity, the asymptotic field will depend on that discontinuity alone.
CONCLUSIONS
In this contribution, a procedure has been described whereby simple analytical formulae can be derived and incorporated in the FDTD algorithm which allow the accurate treatment of wires and microstrip structures without either having to resort to a very fine mesh or to risk introducing spurious divergence or late time instability. The resulting scheme is simple, versatile, robust and readily capable of extension to more complex incidences of electrically small structures. 
